The numerical model presented here is based on the one-dimensional equations for momentum, heat, salt, and turbulent kinetic energy integrated over the diurnal mixed layer. Two noteworthy features are the inclusion of the energetics of billowing due to Kelvin-Helmholtz instability at the base of the mixed layer, and a closure hypothesis which retains average mixed-layer turbulent kinetic energy as an explicit variable, rather than assuming it to be a fixed proportion of external energy input. The importance of both these features is illustrated in the application of the model to the data for 1 day which included several mixing processes: a fairly calm morning with uninterrupted solar heating, followed by rapid mixed-layer deepening during a strong afternoon sea breeze, and finally a relatively cool night with little wind. The data contain rapidly changing meteorological inputs as well as evidence of strong billow formation and collapse and thus provide an ideal test of the importance of both billow energetics and the temporal effects in the turbulent kinetic energy budget. The model does not account for processes occurring below the mixed layer nor for the effects of horizontal advection. Within these constraints, model results agree well with measured temperatures and represent an improvement over the results of a slab model without billow energetics.
The numerical model presented here simulates the response of the surface mixed layer in a lake to changing meteorological conditions over the course of roughly a day and is designed to track mixing events in the surface waters on a time scale of hours or less, rather than on a seasonal basis. This short time resolution allows model results to be related directly to mixing processes observed in the field. The ability to model diurnal physical processes is an essential first step in any effort to model chemical and biological processes which are themselves characterized by time scales shorter than a day.
Two features distinguish this model from other integral mixed-layer models and, in our view, are responsible for its successful performance. The first is the use of a closure hypothesis, suggested by Rayner (1980) , which retains average mixed-layer turbulent kinetic energy as an explicit variable in the model equations, rather than parameterizing turbulent kinetic energy as a fixed proportion of the work done by winds or the heat loss accompanying cooling of the water surface. The second feature is the inclusion of the energetics of billowing due to Kelvin-Helmholtz instability at the base of the mixed layer. The billow energetics encompass not only the kinematic effect of billowing in smearing density and momentum gradients, but also the dynamic effects of billowing on the turbulent kinetic energy budget of the mixed layer. Although these features appear together for the first time in our model, neither is completely new. Imberger ( 19 8 5) used Rayner's mixed-layer model as a tool to clarify mixing processes observed in his data, and Imberger and Patterson (198 1) presented equations for their seasonal model DYRESM which include the effect of billow energetics. However, Imberger's (1985) emphasis is on field measurements, his description of the model is brief, and Rayner's report is not readily available. In addition, Imberger and Patterson's expressions for billow energetics in-533 corporate assumptions based on a two-layer stratification which are not used here, and they devote very little space to derivation of the equations. Hence we thought it worthwhile to document the equations in a more comprehensive fashion, giving emphasis to the physical significance of the billowing and temporal terms that are the model's distinguishing features.
Brief review of mixed-layer modelingInterest in the energetics of the surface mixed layer has a long history. Munk and Anderson (1948) discussed earlier observations and presented a theory of thermocline formation that incorporates the effects of currents, temperature, and turbulent mixing. The central task in Munk and Anderson's work, as in all subsequent investigations, is to quantify the rate at which kinetic energy of turbulence is traded for increasing potential energy of the water column as denser water from relatively quiescent deeper layers is entrained into the mixed layer during wind or cooling events. The turbulence available for mixing at the mixed-layer base may have been generated there by velocity shear or generated at the surface by stirring processes-wind-generated surface waves and wave breaking, shear in surface drift currents or in steady state circulations, Langmuir circulations, or convective overturning motions arising from cooling and evaporation at the water surface-and then transported there by turbulent vertical velocity fluctuations.
An energy budget for turbulence balances the rate of change of turbulent kinetic energy with the rate at which turbulence is generated (by shear production or stirring), dissipated (by working against viscosity at very small scales), transported (to or from the point in question), or used to increase potential energy (by working against gravity to redistribute heavier fluid). Tennekes and Lumley (1972) provided a technical introduction to these processes.
Extraordinary experimental difficulties have prevented direct measurement of the turbulent kinetic energy budget in lakes and oceans. Field experiments designed to measure at most one or two components of the turbulence energy budget have been done, with the greatest emphasis on measuring one component of the dissipation tensor using velocity shear probes (Oakey 1982) and then using the assumption of isotropy to scale this measurement to yield total dissipation. Dissipation measurements can be converted via further scaling arguments to vertical eddy diffusivities (Osborn 1980) . Dillon et al. (198 1) discussed methods for inferring dissipation rates from measurements of temperature microstructure. Gargett et al. (1984) investigated the validity of the isotropy assumption and found that isotropic conditions persist at dissipation scales as long as the turbulence remains active and energetic. Despite this work on dissipation, we know of no direct measurements in lakes or the ocean of turbulent fluxes of heat, salt, momentum, pressure, or turbulent kinetic energy.
Progress in understanding mixed-layer energetics has accompanied the increasing sophistication of mathematical models. Progress has been possible, however, only by taking advantage of the simplification which results from neglecting horizontal variations in temperature, salinity, velocity, applied wind stress, and surface heat exchange, and focusing instead on the vertical dimension only. The resulting one-dimensional models fall into two broad categories. Mellor and Durbin ( 197 5) and others have obtained solutions to the fundamental equations based on second-(and higher) order turbulence closure schemes. Munk and Anderson's (1948) model can be classified as a lower-order closure scheme in the hierarchy of models formulated by Mellor and Durbin (1975) , Andre and Lecarrere ( 198 5) and others. In the alternative approach adopted here, integral formulations are used in which vertical distributions of temperature, velocity, and other constituents are specified. Niiler and Kraus ( 1977) discussed the differences between these two approaches and gave a thorough analysis of integral models. As they pointed out, the simplicity and physical insight afforded by the integral approach is adequate justification for pursuing it.
Shear production of turbulence at the base of the mixed layer was recognized by Pollard et al. (1973) as an important source of energy for mixed-layer deepening. Niiler (1975) , Zeman and Tennekes (1977) , Sherman et al. (1978) , and others have included shear production, together with surface stirring as originally advocated by Kraus and Turner (1967) , in their mixed-layer models.
Observations by Price et al. (1978) verified the importance of shear production for oceanic mixed-layer deepening, while the measurements of Thorpe (1978) in Loch Ness provided spectacular evidence of billowing accompanying strong velocity shear at the base of the mixed layer. Spigel and Imberger (1980) introduced a classification for mixed-layer deepening that predicted the conditions under which shear production would become important in small-to medium-sized lakes. Their mixed-layer-deepening algorithm was based on the model of Sherman et al. (1978) but did include a separate calculation to stimulate billowing. However, Spigel and Imberger (1980) did not explicitly account for the effects of billowing in the turbulent energy budget itself, and their parameterization of the turbulent energy budget assumed (in common with Sherman et al.) that mixed-layer turbulent kinetic energy was a fixed proportion of external energy input by wind and surface cooling.
Importance of temporal changes and billowing-The assumption of fixed proportionality implies that mixed-layer turbulence adjusts rapidly to changing external inputs; this may not be valid for diurnal simulations in which meteorological forcing is varying rapidly. For example, the time scale for adjustment of mixed-layer turbulence to a change in surface wind stress is of order h/u*, where u* is shear velocity in the water and h is mixed-layer depth. For a typical lo-m-deep epilimnion and shear velocity of 0.003 m s-l (corresponding to an increase in surface drift velocity of roughly 13u, = 0.04 m s-l; Spillane and Hess 1978) , h/u* is about 56 min, of the same order as the time over which significant changes in wind speed can occur. In addition, for the case of deepening by convective overturn, Denton and Wood's (198 1) experiments have shown that the assumption of fixed proportionality is valid only under certain boundary conditions. The reservoir simulation model DYRESM (Imberger and Patterson 198 1) neglects ternporal changes in mixed-layer turbulence and is therefore only suitable for long time step simulations.
The role of billowing is not so straightforward. Consider two parallel streams separated by a sharp interface across which a velocity jump AU and density jump Ap (with the heavier layer on the bottom) occur. Theoretical considerations (cf. Drazin and Reid 198 1) show that the interface is unstable, and in practice Kelvin-Helmholtz billows are always observed along such an interface (Thorpe 1969) . The time for billows to form, grow, and then collapse into small-scale turbulence is relatively short, of order Th = 20A U/g' (Thorpe 1973) , where g' = Apg/pO (pO is a reference density). Values of Tb in lakes are of the order of minutes or less (Spigel 1978) . The ultimate mixing that occurs after the breakdown of billows is of more relevance here than the details of billow formation, and we use the term billowing in a broad sense to include this final mixing. The net result of billowing is that the sharp interface is replaced by a shear layer of thickness 6 across which density and velocity vary continuously.
Simple energy arguments (Sherman et al. 1978) show that 6 is proportional to AU "/g'; on the basis of numerical and laboratory experiments, Sherman et al. suggest that 6 = 0.3AU2/g'.
(1) Such a configuration is stable and providing that nothing occurs to increase AU or decrease the thickness 6 no further billowing will occur. If AU grows (possibly due to an increasing wind stress) or 6 decreases (possibly due to mixed-layer deepening), then further billowing will occur until a new stable configuration is achieved.
There is thus a fundamental distinction between mixing that results from billowing and mixing associated with thermocline erosion. Billowing broadens an interface more or less symmetrically about the point of maximum velocity gradient and thereby reduces the density gradient between layers. Billowing by itself does not cause thermocline erosion nor produce any net mixedlayer deepening. Thermocline erosion is a one-way process: an upper turbulent layer grows in thickness at the expense of a lower nonturbulent (or less turbulent) layer by entrainment of quiescent fluid into the upper mixed layer. There is no tendency for density gradients to be weakened during thermocline erosion and in some cases they may be sharpened. Sharpening of density gradients is associated with convective penetration or other stirring processes.
Is it possible, then, that billowing and mixed-layer deepening are competing processes? In lakes, billowing accompanies mixed-layer deepening (Thorpe 1978; Imberger 1985) yet both processes drain kinetic energy from the mean flow shear AU to produce turbulent kinetic energy. In this sense both processes compete for a given supply of mean flow kinetic energy proportional to Y2poA U 2 per unit volume. But both processes complement each other in that a fraction of the turbulent kinetic energy produced in both is used in working against gravity to increase the potential energy of the water column; i.e. both processes cause mixing. Billowing utilizes mean flow kinetic energy which would otherwise be available to produce mixed-layer turbulence for entrainment, but at the same time weakens the density gradient at the base of the mixed layer. Billowing thereby reduces the energy required for further mixed-layer deepening, since the energy required to entrain heavier fluid is roughly proportional to the strength of the density gradient across the base of the mixed layer. There thus arises a rather complex and unsteady interaction whereby mixed-layer deepening sharpens a gradient, making it unstable to shear so that billowing occurs. Billowing weakens the gradient, which is then more easily eroded by further deepening, leading to further billowing.
One of our principal goals here is to demonstrate that the interaction between billowing and deepening can be successfully modeled by accounting simultaneously for the energetics of surface stirring, shear production, and billowing; we present explicit expressions for the effects of billowing on the integrated, one-dimensional, turbulent kinetic energy budget. Our second goal is to incorporate the energetics in Rayner's (1980) parameterization which retains mixed-layer turbulent kinetic energy as an explicit dependent variable, thereby making it unnecessary to assume that mixed-layer turbulent kinetic energy is a fixed proportion of external energy input.
We will show the importance of including both billowing and temporal changes when parameterizing the turbulent kinetic energy budget by applying our model to the data of Imberger (198 5) . These data include finescale measurements and temperature microstructure during a strong sea breeze event that followed a calm morning with uninterrupted solar heating. The data show evidence of active billowing during the whole period; during the morning the mixed layer was shallow and the billow height occupied most of the mixed-layer depth, but some separation between shear production and surface introduction of turbulence was recorded in the afternoon. Imberger (1985) used a modified version of the integral model developed by Rayner (1980) to simulate the mixed-layer dynamics for the complete diurnal cycle and showed the importance of the temporal terms in the turbulent kinetic energy equation. However, the model did not explicitly account for the changes in potential and kinetic energy associated with the finite size of the base of the mixed layer, important when the billow height is an appreciable percentage of the mixed-layer depth. The simulation results thus did not predict a subsequent very rapid deepening nor the weakening of density gradients at the base of the mixed layer due to billow formation. We address these problems here.
Limitations of the present model-Three aspects of our model limit its applicability: it is one-dimensional and cannot by itself account for the effects of horizontal variability or advection; it is a mixed-layer model only and neglects all processes below the diurnal thermocline; it is not used in a fully predictive sense here because information from field observations of currents is incorporated in the momentum calculations.
Use of the one-dimensional approximation is usually justified, because horizontal variations are normally small compared with vertical variations, and because mixed-layer deepening may proceed locally in a onedimensional fashion in response to local forcing regardless of horizontal variations. Both points are related and can be discussed with reference to the Wedderburn number W = Rib/L (Imberger and Hamblin 1982) , where Ri is a bulk Richardson number based on the shear velocity u* in the surface waters, Ri = Apgh/(pOu*2), Ap is density difference between metalimnion and epilimnion, p. is a reference density of water, h is mixedlayer depth, and L is basin length. Spigel and Imberger (1980) predicted that for W B 1 tilting of the isotherms due to applied wind stress would be small and horizontal variations negligible. W % 1 corresponds to strong stratification, light winds, and slow deepening of the mixed layer dominated by surface stirring processes. For W < 1, deepening is dominated by internal shear production and occurs on a time scale much shorter than that for horizontal advection. Hence, even if horizontal variations were present for W -G 1, their effects on local deepening would be negligible. Thus one would expect the one-dimensional approximation to work well locally for either W B 1 or W < 1. However, for W 1~ 1, Spigel and Imberger predicted that upwelling and horizontal mixing would become important. This was confirmed by the experiments of Monismith (in prep.) and by the field data of Imberger (1985) which encompass a wide range of W: 0.02-0.09 during the morning heating period when the mixed layer was very shallow; 0.13-l .4 during the strong sea breeze episode when the mixed layer deepened and tilted simultaneously and strong advection was observed; 4.2-12 during the nighttime cooling period. The model is applied to all three periods, and, as would be expected, results deviate markedly from observations during the period of strong tilting when W N 1. However, a meaningful comparison with observations can still be made by kinematically superimposing the results of isotherm tilting, and the consequent horizontal advection, onto the one-dimensional predictions.
In fact, Parker (198 5 ) has found the model to be a useful diagnostic tool for assessing the relative importance of vertical deepening vs. horizontal advection in his study of the effects of horizontal variations in wind stress.
The second limitation-neglect of processes below the diurnal thermoclinelimits the use of the model to relatively short simulations, of the order of a day. The neglected processes include intrusions due to inflows, withdrawal layers due to subsurface outflows in a reservoir, and a whole host of relatively weak mixing processes in the hypolimnion and the seasonal thermocline. Since all of these processes are normally characterized by time scales of a day or longer, their neglect will not seriously affect the mixed-layer simulation results. If longer simulations were contemplated the neglected processes would have to be accounted for, as they are in the seasonal model DY-RESM.
The final limitation involves difficulties in estimating the velocity shear AU at the base of the mixed layer. As will be seen later AU appears explicitly in the turbulent kinetic energy budget, and its value is one of the most important parameters controlling deepening of the mixed layer for W I 1 when shear production dominates the supply of turbulent kinetic energy. For the model to be fully predictive it would have to simulate the three-dimensional velocity field concurrently with the turbulence dynamics. This is beyond the scope of present modeling capabilities. We feel that it is possible to capture the essential effects of AU with a much simpler approach, made possible by the observation that shear production is important only in the initial stages when wind begins to blow or is increasing in strength. The information deduced from field measurements is simply the duration of this initial stage, the period from the onset of the wind to the time when endwall or closed-basin effects are felt at the study site. This interval represents the time available for the wind to generate shear AU across the base of the mixed layer and is discussed below in the context of the algorithm used to compute AU.
Integrated one-dimensional turbulent kinetic energy (TKE) budget
Governing equations and boundary conditions-The mixed layer ( Fig. 1 ) is assumed to consist of three distinct zones (Sherman et al. 1978; Niiler and Kraus 1977): a comparatively thin, constant-stress surface layer of thickness y near the stirring agent where TKE is produced and then exported to the fluid below; a uniform central layer in which part of the energy exported from the surface layer is used to mix the fluid; and a thin front of thickness 6 separating the turbulent mixed layer from the quiescent fluid below. Here the remainder of the TKE generated at the surface, plus that generated internally by shear, and less that which is locally dissipated or radiated downward by internal waves, is used to entrain quiescent fluid into the central layer above. In this paper the thickness 6 of the frontal or transition layer will be set by the stability criterion (Eq. 1) associated with billowing, although it should be noted that even in the absence of billowing 6 will be nonzero because of diffusive processes. The coordinate system is chosen with origin at the bottom or at some level below which no surface effects penetrate, with z positive upward (Fig. 1) . The water column is of total depth H, the mixed layer has thickness h and is here assumed to extend from 2 = 4 (in the middle of the transition zone or 6 layer) to the surface z = H. The mixed layer is defined as that part of the water column extending downward from the water surface in which turbulence is active and of sufficient strength to maintain nearly uniform distributions of temperature and salinity. The criterion of active turbulence is also used in assessing values of h from field measurements. Surface heat transfers due to net solar radiation (es), net longwave radiation (QL), forced convection (II,), and evaporation (HL) are taken as positive for an upward flux. The net evaporation minus precipitation volume flux per unit area (IV) is taken as positive upward. When evaporation alone is occurring, W = H,/(p,h) where X is latent heat of vaporization and p. a reference density for water. Surface wind stress 7 is assumed to generate a surface drift current of speed cua in excess of the mixedlayer velocity, Us (Fig. l) , where c is a proportionality constant and u* = (~/p~)"~. T,, S,, and ps are mixed-layer temperature, salinity, and density; Tb, Sb, and pb are temperature, salinity, and density below the mixed layer at z = 5 -6/2. Jumps across the thermocline are defined as AT = T,v -T,, AS = S, -&, but Ap = -(p, -pb). All turbulent and radiative fluxes within the water column are assumed positive upward; hence the solar radiation flux at the surface Qs and in the water q(z), which is directed downward, is always negative by the sign convention adopted here.
The governing differential equations and assumptions pertaining to mixed-layer models have been presented many times (cf. Niiler and Kraus 1977) ; the equations are given here for purposes of consistency and reference for those aspects relevant to the present study. The one-dimensional conservation equations for heat, salt, mass, momentum, and turbulent kinetic energy can be written as:
(2) as/at = -as' wwz;
and
T, S, p, U denote mean temperature, salinity, density, and horizontal velocity at a point in the water column; T', s', p', u' are the corresponding turbulent fluctuations. Where these turbulent fluctuations appear multiplied by the vertical velocity fluctuation w', a time average is implied, so that T'w', s'w', p'w', U' w' are correlations and represent local vertical turbulent fluxes of heat, salt, mass, and momentum. The specific heat capacity of water and thermal compressibility of water are c, and a. Turbulent kinetic energy per unit mass is dcnoted E/2, where E = uf2 + v'~ + w'~, the sum of the mean squares of the turbulent velocity components.
The TKE budget (Eq. 6) balances the rate of change of TKE on the left-hand side of the equation with four terms on the righthand side: shear production of TKE; transport by vertical velocity fluctuations of TILE and pressure fluctuations (p'); work done locally by turbulence against buoyancy forces, where p'w' = po(-aT'w' + ps'w') and p is compressibility for dissolved salt; and dissipation of TKE per unit mass, E. Shear production is always a source of TKE, while dissipation is always a sink for TKE. The transport term may be either a local source or sink depending on whether the net transport is toward (convergence) or away (divergence) from the point in question. The buoyancy work term may be a source for TKE if the density fluctuations are unstable (e.g. at the water surface under conditions of surface cooling) or a sink for TKE if the density fluctuations are stable (e.g. at the base of the mixed layer as the mixed layer is deepening and entraining heavier fluid).
Equation 5 is a highly simplified version of the horizontal momentum balance; normally acceleration d U/at is balanced not only by the shear stress gradient du'w'ldz but by Coriolis acceleration and horizontal pressure gradients as well. Coriolis effects may be neglected when the basin is small or relatively long and narrow (Spigel and Imberger 1980) . Horizontal pressure gradients arise whenever surfaces of constant density depart from the horizontal, as during internal seiching. Horizontal pressure gradients form an important part of the momentum balance in closed basins. Pressure gradients are accounted for here indirectly by specifying a time limit or cutoff time during which the balance between applied stress and mixed-layer acceleration (Eq. 5) is assumed to hold. The rationale for this approach was explained by Spigel and Imberger (1980) with reference to the interfacial shear developed in a two-layer rectangular basin subject to a suddenly applied uniform wind stress.
Solution of the two-layer linearized initial value problem, neglecting mixing, showed that the shear between the layers at a point in the middle of the basin grows linearly with time until horizontal pressure gradients (associated with tilting of the interface) cause a deceleration and eventual reversal of the flow, followed by a damped oscillatory response. Eventually a steady state is achieved with a downward downwind tilt of the interface and a smaller velocity shear associated with the aperiodic circulation in the top layer. The time to the first current deceleration is Ti/4, and the time to the first current reversal is Ti/2; Tj is the period of the fundamental internal seiche. It is only during this initial quarter-wave period that significant (from a mixing point of view) amounts of velocity shear are generated, For times > Ti/2, mixing and damping reduce the velocity shears greatly, so that it is only necessary to compute the momentum balance for times <Ti/2. The relevant cutoff time for the two-layer initial value problem thus lies between Ti/4 and Ti/2. For times < Ti/4 motion occurs in both layers, but the shear AU between the layers is exactly that which would be computed from Eq. 5 assuming motion only in the upper layer and no motion in the lower layer. This is the justification for using Eq. 5 subject to a time cutoff. Monismith (1985) extended the two-layer analysis to a multilayer stratification so that an arbitrary density profile beneath the mixed layer could be modeled. His results showed that the same basic response occurs and that it is permissible to use Eq. 5 subject to a cutoff to compute velocity shear at the base of the mixed layer, provided that the correct internal wave period is used to estimate the cutoff time. In DYRESM the cutoff time is estimated from the density profile by computing an internal wave period at the onset of a wind event. Here however, where it is important to preserve the exact sequence of events in order to compare predicted and observed mixing events, the cutoff time was assessed from wind speed, water temperature, and drogue observations, described by Imberger ( 19 8 5) as the time midway between the first current deceleration and reversal following the onset of the wind. For times longer than the cutoff time the mixed-layer velocity is assumed to decay linearly with time from its maximum value over a period which must be specified. The observations by Imberger (1985) also allowed corrections for tilting and advection of the mean temperature field by internal seiching. The choice of decay period and the corrections for seiching are discussed below.
Boundary conditions at the free surface assume continuny of fluxes across the airwater interface.
Momentum: -u'w'(H) = Use;
Heat: p,c,T'w'(H) = Q, + HL + HP (8) The terms on the right-hand side of Eq. 8 comprise the purely surface heat exchange terms.
Salt: -s'w'(H) = ws,;
Mass:
. (10) Boundary conditions just below the mixed layer (z = 4 -6/2) assume that leakage of turbulent fluxes of heat, mass, momentum, and TKE into the hypolimnion are negligible:
The free surface boundary condition for vertical flux of TKE has not been specified; its parameterization is discussed later.
Integrated equations -Equation 6 for TKE is valid at any point in the water column and can be integrated from just below the mixed layer z = 2: -612 to the free surface z = H:
No hypotheses about the profiles of E and E have been made, so it is not possible to evaluate the first and last integrals in Eq. 12; however, in the spirit of the mixed-layer approach we can define mixed-layer averages E, and es and shear-layer averages E6 and cd for E and c so that
s H E dz = c,h + ~~6.
(13) E--w9 assumed profile in Fig. 1 . However, Eq. 4 can be integrated from 4 -(6/2) to an arbitrary level z below 4 + (U2) to give independently a general expression for p'w'(z) as a function of apiat:
The integrals for shear production and buoyancy production can be evaluated with the equations and boundary conditions for heat, salt, mass, and momentum, as well as the assumed distributions for mean quantities (Fig. 1) . The assumed distributions for mean temperature, salinity, density, and velocity are used to evaluate the turbulent fluxes p'w' and u'w' from Eq. 4 and 5 and boundary conditions Eq. 7-l 1, and the resulting expressions then integrated in terms of mean quantities from z = 4 -(6/2) to z = H. This is a fairly standard procedure;
however, in this case we take care to evaluate correctly all the terms that include the transition-layer thickness 6. In all other mixed-layer studies, terms of order 6 are either neglected during the derivation or later ignored. We expect that such terms will form a second-order, but nevertheless important, correction to the integrated energetics of the mixed layer.
The method will be illustrated in some detail for the buoyancy production integral that contains p'w'. Consider first the region t -(6/2) < z < 4 + Q/2) where the mean density is given by the linear profile p = ps + (Ap/S) [4 + (6/2) -z]. Differentiating with respect to time yields the local rate of change of density in the 6 layer in terms of ps, A;, 4, and 6: a~ _ dps dAp at dt+dt
The above result is based strictly on the Substituting for dp/dt from Eq. 14 and integrating then yields a rather lengthy expression for p'w'(z) which is quadratic in z and which may itself be integrated from E -(6/2) to [ + (a/2). A similar exercise in the region f + (U2) I z I H yields an expression for p'w'(z) which is linear in z, and which may in turn be integrated over z from 4 + (U2) to H. Adding the contributions in the 6 layer and the fully mixed region gives
Mixed-layer density ps and the coordinate t of the mixed-layer base can be eliminated by noting that 4 = H -h and that other constraints apply to the mass and volume of the total water column. The first of these constraints is that changes in mass of the total water column can be due only to evaporation (or precipitation):
a H S at 0 p dz = -p,(l -PSSW.
Equation 17 can be combined with the result of integrating the conservation of mass Eq. 4 over the total depth, a N S dH z 0 P dz -ps dt
-do% (18) to obtain an expression for the rate of change of the free surface level due to expansion from heating and losses from evaporation:
where we have assumed that typically q(0) = 0 (solar flux negligible at the bottom) and p. = ps; -q(H) = -Q, is the net solar flux that penetrates the water surface. Combining these results with the boundary conditions of Eq. 7-l 1 yields (after some tedious algebra) the final expression for the buoyancy production or buoyancy work integral:
An alternative derivation of Eq. 20 can be made in terms of potential energy by taking the first moment of Eq. 4 and integrating over depth to obtain an expression for d(J pz dz)ldt, the rate of change of water column potential energy divided by g, the acceleration of gravity. A second expression for d(J pz dz)ldt can be obtained from the form of the mean density profile (Fig. 1) . Equating these two expressions for potential energy yields the buoyancy production integral (Eq. 20).
The first three terms on the right-hand side of Eq. 20 account for changes in potential energy of the water column due to entrainment -and finite interface thickness. The first of these terms represents increase in potential energy due to entrainment only and appears in some form in all mixed-layer models. The second and third terms will be used to account for changes in potential energy due to billowing. For simultaneous billowing and deepening, the first and third terms are always sinks for mixed-layer TKE, mitigated somewhat by the second term. The remaining terms on the right-hand side of Eq. 20 account for the effects of surface heat exchange, evaporation, and solar flux. Evaluation of the shear production integral in Eq. 12 proceeds in much the same way. From Fig. 1 an expression for U(z) and hence dU/dt is derived in terms of E and 6. Substituting for dU/dt in Eq. 5 and integrating yields an expression for u'w'(z) in the 6 layer that is quadratic in z and includes terms in 5 and 6. A similar calculation gives an expression for u'w'(z) in the fully mixed layer that is linear in z. Shear production occurs only in the 6 layer at the base of the mixed layer, and in the very surface layer of thickness y, as these are the only places where mean velocity shear dU/dz is assumed to be nonzerd:
The first two terms on the right-hand side of Eq. 21 represent TKE produced within the 6 layer. The remaining term on the righthand side comprises TKE generated by surface drift currents in the y layer. In arriving at this result we assumed terms in dH/dt to be negligible and the surface y layer to be a thin, constant-stress boundary layer always in equilibrium with the applied wind stress. Integration of Eq. 2, 3, and 5 leads to equations for mixed-layer temperature, salinity, and momentum: 
Equation 24 is subject to a cutoff time, as discussed earlier, to be specified independently from field observations. For times less than the cutoff time the mixed layer is accelerating and the shear AU available for mixing (see Eq. 21 and 12) is the same as the mean velocity U, in the mixed layer. As will be discussed later, the identity between AU and U, does not hold after the cutoff because of the difference in time scales for decay of mean momentum and decay of turbulence. Finally, we re-emphasize that in deriving the integrated equation for TKE care was taken to evaluate all terms containing 6 in the buoyancy production and shear production integrals (Eq. 20 and 2 1). The form of the terms including 6 depends only on the shapes assumed for the mean profiles in the transition layer (Fig. 1) ; in this case we used linear profiles, although any continuous shape could have been used. The expressions in Eq. 20 and 21 do not by themselves incorporate any assumptions about billowing; billowing considerations will be used later to specify values for 6 and rates of growth dUdt. Then, given values for 6 and d6/dt, Eq. 20 and 21 prescribe the effect of 6 and d6/dt on mixed-layer energetics.
+ cuT'w'(H) + PWS, w --

PoCp s H q dz -(E,h + ~6). (25) .5--W)
The first three terms on the right-hand side of Eq. 25 represent shear production of TKE in the 6 layer and in the surface drift layer. The fourth term is the vertical flux of TKE and pressure fluctuations at the water surface. The group in brackets containing terms in Ap accounts for work done against buoyancy in increasing the potential energy of the water column by entrainment and billowing. The next group accounts for the effects of heat and mass transfer at the water surface and solar radiation absorption in the water column. As discussed earlier (Eq. 20), the solar flux terms form a net sink for TKE, while surface cooling and evaporation are sources for TKE. The final two terms account for dissipation of TKE in the mixed layer and in the 6 layer. The parameterization used to reduce Eq. 25 to manageable form will be discussed in terms of separate processes.
Billowing and momentum considerations-we have seen that billowing is a very rapid process which arises from Kelvin-Helmholtz shear instability at a density and momentum interface across which jumps in density and velocity occur. Fol-lowing billow collapse and mixing, a finite interface thickness 6 is established. Although the overall velocity shear AU and density change Ap across the interface remain unchanged, velocity gradients are sufficiently reduced so that the interface is no longer unstable to the value of AU that originally led to billowing. Billowing may therefore be viewed as a process which continually adjusts the interface thickness 6 so that the interface is stable to the applied velocity shear according to the criterion set by Eq. 1. If velocity shear increases then further billowing will rapidly adjust 6 until Eq. 1 is satisfied. Similarly, if thermocline erosion causes a decrease in 6 because of entrainment, billowing will again act to increase 6 until Eq. 1 is satisfied. Hence, during periods when velocity shear is growing or is steady, we can parameterize the effects of billowing by simply maintaining 6 at the level specified by Eq. 1. Differentiating Eq. 1 gives an expression for the effect of increasing velocity shear or billow thickness:
This parameterization of billowing implies that the 6 layer is a thin equilibrium boundary layer which adjusts rapidly to changes in applied shear. This is consistent with our treatment of the 6 layer as a second-order correction to the dynamics of the larger mixed layer.
During periods when shear decreases, however, a fundamentally different situation exists because the source of energy to sustain billowing is effectively removed. This occurs when, for example, the mixed layer decelerates following the buildup of horizontal pressure gradients, i.e. for times greater than the cutoff time for mixed-layer momentum.
As AU decreases, billowing ceases and turbulence decays rapidly, in a time of about T,/2 = 1 OAUlg' (Thorpe 1973) , of the order of minutes or less. The rapid decay of turbulence is in marked contrast to the much longer time (of the order of hours) over which mean motions persist, even under the conditions of heavy damping observed by Imberger ( 19 8 5) . The abrupt decay of turbulence compared with a more gradual decay of mean mixed-layer speed U, following momentum cutoff means that it is not correct to apply Eq. 1 and 26 to predict 6 with AU = U, for times following the momentum cutoff. Moreover, such application of Eq. 1 and 26 with AU = Us would imply that fluid within the billow region becomes unmixed as 6 decreases with decreasing AU.
Hence special consideration is necessary when computing 6 and ddldt from Eq. 1 and 26 for times Following the momentum cutoff when Us is decaying from its maximum value to zero. We assume that the decay of Us is linear in time, although data to confirm this or to fix the length of the decay period are sparse. We further assume that turbulence within the billow region decays instantly at the time of momentum cutoff and that active turbulence is confined to the fully mixed region of the water column. Suppose that momentum cutoff occurs at time t,, at which time the billow layer has its maximum thickness 6,, and the mixed-layer depth (to the midpoint of the 6 layer) is h,.
At the instant of momentum cutoff, the mixed-layer depth (defined as the region of active turbulence) retreats to depth h = h, -6,/2, which is the thickness of the fully mixed region at t = t,. There is now no active billow region (6 = 0) and none of the mixed-layer velocity is available as shear to cause billowing; although U, does not change discontinuously at t = t m, A U drops abruptly to zero. Further billowing cannot occur until the mixed layer erodes the previously active (but now quiescent) billow layer. This fossil billow layer of thickness 6, contains no turbulence but has left its signature on the temperature profile as a smooth transition region to deeper and as yet undisturbed water. Stirring processes will cause the mixed layer to erode the fossil 6, layer, thereby sharpening gradients at the mixed-layer base and leading to new (but much weaker) billowing.
As h increases over its value of h, -6,,/2 at t = t,,, the shear available for billowing is assumed to be given by the linear interpolation formula:
where Us is the current value of the decaying mixed-layer velocity. We call this resetting of the mixed-layer depth and velocity shear to simulate billow decay "reinitialization," although no new information external to the model is used and no changes are made in model temperature or salinity profiles. Theoretically, reinitializing should occur at every time step during the decay period when U, is decreasing; in practice it is sufficient to reinitialize h and AU only two or three times during the decay period.
Shear production at the base of the mixed layer-As discussed above, the shear layer of thickness 6 at the base of the mixed layer is assumed to be relatively thin and to respond quickly enough to changes in external input so that sources and sinks of TKE are always approximately in balance. We therefore neglect the temporal term dE$/dt within the 6 layer, retaining only the temporal term dE,h/dt in the mixed layer itself. It is also consistent with this level of approximation of the 6 layer to incorporate dissipation processes E,6 in an efficiency factor Cs for the shear production terms, as in the work of Sherman et al. (1978) and Niiler and Kraus (1977) :
Surface stirring and heat exchangeWind stirring and shear production in the very surface waters (y layer) are parameterized as (Kraus and Turner 1967; Niiler and Kraus 1977) (CN3/2)l&3 = CU*3 -w' ( )I $ + ; (2% II where the proportionality constant has the form CN3 for reasons of symmetry. All of the terms in Eq. 15 pertaining to surface heat exchange, evaporation, and increases in stability caused by solar heating are combined for convenience in a modified buoyancy scale which generalizes similar scales introduced by Deardorff (1970) , Zeman and Tennekes ( 1977) Mixed-layer dissipation -From dimensional considerations, mixed-layer dissipation is parameterized as E,h = (CE/2)E.Y3/2. This form was introduced by Mahrt and Lenschow (1976) ; similar forms are suggested by Zeman and Tennekes (1977) and Garwood ( 1977) . Laboratory results of Willis and Deardorff (1974) support this parameterization. The alternative parameterization, used by Niiler and Kraus (1977) , Sherman et al. (1978) , and others, consists of introducing a set of efficiencies to reduce each energy source term. The approach used here is a simpler and more accurate way to model the mixed-layer dissipation term.
Closure-Substituting the parameterizations introduced above into the integrated TKE budget Eq. 25 yields h dE,
(32) where the terms on the right-hand side have been regrouped as sources or sinks (in curly brackets) of TKE. The vertical integral models of Niiler and Kraus (1977) and others have neglected the energy storage term dE,/dt in order to close the equation set. However, Rayner (1980) proposed a closure scheme wherebv E, can be exnlicitlv re-tained. This follows the work of Zeman and Tennekes (1977) who expressed the TKE flux converging just at the mixed-layer base in terms of a turbulent vertical velocity scale W2Y2 multiplied by the vertical component of TKE, wt2. This flux provides the energy for the local sinks, identified by Zeman and Tennekes as entrainment work (the group multiplied by g on the right-hand side of Eq. 32) and entrained fluid agitation (EJ2) dhldt. A generalization of this basic hypothesis of energy transfer at the thermocline may now be made that includes all of the energy sources and sinks identified with the mixed-layer base. First, the flux of TKE converging just above the thermocline is modeled by (CF/2)E,3/2, where E, 0~ wt2.
Second, this flux, together with any net local TKE production by shear in the thermocline, supplies the energy for the sinks of entrainment work and entrained fluid agitation at the thermocline. These two hypotheses can be expressed as 1 Es dh + g =--2 dt 2p, 1 * (33) Implicit in the ideas leading to Eq. 33 is the assumption that mixed-layer turbulence tends toward isotropy at all times, so that wt2 0~ E. This is a reasonable assumption, especially under the conditions of active turbulence that characterize the mixed layer. Hence TKE is partitioned between the three components of E as rapidly as it is consumed through w'~ by working against buoyancy. However Eq. 33 avoids the assumption (common to Zeman and Tennekes 1977 and --(C, -I-C,JE,3/2 + we3 + cN3u*3.
(34) Equation 34 describes the energy balance within the mixed layer and Eq. 33 that at the mixed-layer base. Two points are worthy of comment with regard to these equations. First, a fixed proportion between TKE flux convergence and mixed-layer dissipation is implied by the parameterization of these two processes in terms of Es3j2. Imberger (1985) reported measurements of dissipation made during a period when convective overturn dominated the behavior of the mixed layer while surface fluxes us3, Wan were nearly constant. His measurements from this equilibrium period support the above parameterization;
we could not use measurements from nonequilibrium periods to check the hypothesis. Second, the temporal term dE,/dt is important when surface fluxes are changing rapidly or are fluctuating near zero. When inputs are changing rapidly, Eq. 34 introduces a time lag between the surface changes and the deepening response. When surface fluxes drop to zero, stored energy may sustain the deepening for short periods. Among the effects of retaining the temporal term are thus a smoother deepening response to changing energy inputs and an enhanced computational stability.
Evaluation of coeficients-The parameterizations above have introduced four coefficients: Cs for shear production at the base of the mixed layer; CN for wind stirring and flux of TKE at the water surface; C, for mixed-layer dissipation; and CP-for the flux of TKE converging just above the thermocline from the mixed layer. Results from eight field and laboratory experiments were used to evaluate the coefficients CN, CF, and C, (Table 1) . These experiments were designed to investigate stirring processes, and measurements that would allow quantification of shear production at the base of the mixed layer (and hence determination of C,) were not made. In most cases, as in the unstable free-convecting atmospheric boundary layer, shear production was certainly negligible. Hence billowing was not observed, and the effects of finite interface thickness due to diffusive processes were also ignored, as they are in our model. In each of the experiments the investigators presented their results in a form that related the external energy inputs by u* or w* to Steady state growth of a convective layer into a neutral environment (5) C,'C,/(C, + C,) Steady state growth of wind-mixed layer in tank with endwalls and a strong density jump at the base of the mixed layer. Shear production in 6 layer negligible (6) aghAT dt dh = Ksu*' 2.5 dh/dt = K6u* 0.3 C,"C,/(C, + C,) Growth of mixed layer driven by surface shear in annular tank; internal shear production in 6 layer significant (7) C,C,/(C, other integral parameters of the system. Following Rayner (1980) we have classified the experimental results into six categories depending on results presented by the investigators. Each category has a characteristic proportionality constant (called Kconstants in Table 1 ) that relates w* or u* to the other system parameters. Values of the proportionality constants deduced from experiments are also given. The K constants can be related to CN, CF, and C, by considering Eq. 33 and 34 subject to appropriate simplifications. Most of the experiments pertain to steady state boundary conditions and it is generally assumed that under such conditions the mixed-layer TKE is in equilibrium with the steady external energy inputs. Hence, clE,/dt = 0. In the absence of billowing 6 = 0 and if shear production is negligible AU = 0, so that Eq. 33 and 34 reduce to (E, + Apgh/p,) (dh/dt) = CFEs312 (35) and wz+c3 -I-CN3 U*3 = (C, -I-CE)Es312. (36) Equations 35 and 36 can be further simplified to the balance applicable to each experiment and a correspondence established between CN, CF, and CE and the Kconstant. For example, in the case of steady state free convection (line 2, Table l), the investigators express mixed-layer dissipation rate E,h as a proportion of the external heat flux at the boundary, given by wJc3. Since E,h = (C,/2)E,3j2 from Eq. 3 1, the balance in the experiment is (C,/2)Es3j2 = K2w*3. A second equation to eliminate E, and w* is obtained by setting u* = 0 in Eq. 36, yielding K2 in terms of C, and C, as given by the expression in Table 1 . A similar procedure yields the remaining expressions for the K constants given in Table 1 , allowing the determination of C,v, C,, and CE. In fact, C,, C,, and C, are overdetermined. Rayner (1980) made a comprehensive analysis of the combination of these coefficients, bearing in mind the experimental uncertainty of values stated in Table 1 . A self-consistent set of coefficients, chosen as a result of Rayner's analysis, is CF = 0.25, CE = 1.15, and C-N= 1.33. These results give values for K1, K2, K3, and K4 of Table 1 that are within 10% of their measured values. C, was evaluated from the expression that includes K6 based on the growth of the turbulent bound-ary layer into a nonstratified environment, rather than from the expressions that include K5. The results of Wu ( 197 3) and Kato and Phillips (1969) , which give values of KS in Table 1 , were not strictly applicable. In Wu's experiment, the wind/wave interaction would not have been fully developed in his small (2.3-m) tank. In Kato and Phillips' experiment, shear production was important both in the surface layer and at the mixed-layer base, so that the balance in which KS appears for this experiment (Table   as yet undetermined is Cs, Experimental evidence from which to evaluate CL7 is sparse. Sherman et al. (1978) 1) is incomplete.
The only coefficient summarized the available evidence, from which it appears that Cs may fall between 0.2 and 0.5. Imberger (1985) presented field data giving a value of 0.24. We chose a value of 0.2 for consistency with previous simulation runs with the nonbillowing algorithm (Imberger 1985; Rayner 1980 ).
The numerical algorithm -The numerical model consists of a set of ordinary differential equations and algebraic equations relating the integral properties of 'the mixed layer to externalmeteorological forcing: Eq. 34 for dE,ldt; Eq. 33 for dhldt; Eq. 22 for dT,lclt; Eq. 23 for dS,Jdt; Eq. 24 for dAU/ dt before momentum cuto@ Eq. 27 for AU following momentum cuto@ Eq. 7-l 0, 19, and 30 for the effects of heat and mass transfer at the water surface; and Eq. 1 and 26 for billowing. A three-term exponential formula for radiation penetration is used to describe solar flux absorption in the water column:
The expressions for Ap, AT, and As, defined earlier with reference to Fig. 1 , relate mixedlayer density, temperature, and salinity to density, temperature, and salinity just below the base of the mixed layer. Changes in temperature and salinity occur only as a result of solar heating or deepening of the mixed layer:
We developed a completely explicit forward-differencing scheme to solve the coupled Eq. 1, 7-10, 19, 22-24, 26, 27, 33, 34, 37-39 . The only noteworthy point is that Eq. 33 has a singularity when the velocity shear becomes large and approaches the value given by
This occurs when shear production alone sustains the deepening process. The numerical algorithm allows for this by setting the mixed-layer depth equal to the shear production depth CsAU2/g' (Pollard et al. 1973 ) plus a first-order correction derived from Eq. 33 which neglects terms in 6:
Apg + (poc~'2Ay (41) where At is the time step.
The field data
The field data of Imberger ( 198 5) form a good test for the proposed algorithm. These data were collected on 13-l 4 March 1982 in Wellington
Reservoir, about 160 km south of Perth in Western Australia. A spar buoy in the central channel of the main basin was used to collect the meteorological data. A complete diurnal cycle was documented (Fig. 2) ; on the morning of 13 March conditions were calm and hot, and in the afternoon a strong sea breeze caused severe deepening of the diurnal mixed layer to the depth of the parent thermocline. The wind decreased late in the evening and conditions were once again calm by midnight, but the air temperature had decreased so that there was a 12°C temperature difference between the air and the water for most of the early morning of 14 March.
The behavior of the water column is shown in Fig. 3 . Heating on the morning of 13 March established a strong diurnal thermocline above the parent thermocline resident at about 4.0 m below the surface. The sea breeze commenced around noon, grew Fig. 2 . Meteorological variables measured 4.0 m above the water surface, Wellington Reservoir, and averaged over lo-min intervals. The fluxes were computed allowing for the stability of the atmospheric boundary layer. Surface water temperatures were taken from CTD casts. Data from Imberger (1985) . Shear velocity is the shear velocity in the water, i.e. the square root of wind stress divided by the density of water.
in strength until 1648 hours, and then declined to nearly calm conditions by 2200. The mixed layer was very shallow at the onset of the sea breeze (W < l), and conditions of simultaneous deepening and heating were evident from 1200-1424 hours. During this period deepening was associated with strong shear production and billow events which sometimes extended over the complete depth of the mixed layer (see Fig. 7a ). As the wind continued to increase in strength a period of rapid entrainment occurred (1424-1536 hours), followed by simultaneous entrainment and deepening due to isotherm tilting as the effects of closedbasin pressure gradients reached the site (1536-l 648 hours). From 1648-l 900 hours wind stress decreased and the tilting rate slowed, but tilting continued until 1900. The deepening due to tilting cannot be reproduced by a one-dimensional model. After 1900 hours the thermocline rebounded in an overdamped fashion. Most of the subsequent increase in mixed-layer depth was due to cooling of the mixed layer to the temperature of the previously undisturbed colder water below. An instrument malfunction prevented measurement of temperatures between 23 15 hours (13 March) and 0330 hours (14 March), when profiling resumed.
Two features are noteworthy. First, at around 1424 hours on 13 March the mixed layer deepened extremely rapidly and the thermocline remained quite sharp. Second, between 1536 hours and 19 12 hours the base of the mixed layer became very broad (see the 22.5O"C isotherm in Fig. 3 ) and was then eroded away by the deepening associated with surface cooling. Neither of these features was predicted by the model of Imberger (1985) which did not contain any form of billow dynamics.
Comparison of any one-dimensional simulation result with the data presented in Fig.  3 must allow for the advective effects induced by wind stress; Imberger (1985) estimated that in the mixed layer a temper- The ature gradient of 2.5 x 10-40C m-l existed, in the direction of the wind, for the period from 1700-1945 hours on 13 March. This led to a temperature decrease of 0.24"C at the measuring site, given that the layer velocity was 0.1 m s-I. As the wind decreased the surface water returned over the site in the opposite direction, increasing the temperature at the meteorological station. Most of this adjustment was complete by around 2 130 hours (Fig. 3) . Over this time the horizontal gradient at the site had intensified to around 1 OW3"C m-l, but the mixed-layer velocity would have decreased to an average value of around 0.06 m s-l. This would suggest a recovery of nearly 0.38"C or 0.14"C warmer than would be expected from a onedimensional model that does not allow for the initial decrease or the subsequent rise in temperature.
Model results
The model was initialized with the profile collected at 1017 hours on 13 March. The surface heat fluxes and the water shear velocity used as inputs are shown in Fig. 2 . The constants chosen for the model were given earlier and the solar radiation penetration coefficients in Eq. 37 were assumed the same as those determined by Imberger (1985) : (AI, AZ, A3) = (0.38,0.46,0.16) and (PI, &, p3) = (0.9, 6.9, 69.0) . The cutofftime for velocity was chosen as 1900 hours on 13 March to coincide with the observed start of the rebound phase. Mixed-layer velocity US was allowed to build up according to Eq. 24 until 1900 hours and a decay time of 0.09 days for US to decay linearly' to zero was imposed, based on the observations of Imberger (198 5) . The decay time must be regarded as somewhat arbitrary in view of the sparseness of available drogue observations.
The results of the simulation are shown in a stagger plot of temperature profiles at half-hourly intervals in Fig. 4 . The profiles show the effect of the morning heating; the surface temperature rises to nearly 24"C, without appreciable deepening. At around 1250 hours (profile 5) deepening begins and continues fairly uniformly until 1549 hours (profile 11). Accompanying the deepening is a general thickening (due to billowing) of the base of the mixed layer. At 1545 hours, the mixed layer deepens rapidly and the billow size decreases quite noticeably in one half-hour period. This rapid deepening was also observed in the field. Beyond 1545 hours the billow once again opens considerably in the simulation as the shear intensifies. When the cutoff time for velocity occurred at 1900 hours (between profiles 17 and 18), the profile was reinitialized as discussed earlier. Following momentum cutoff the mixed layer retreats to the top of the now fossilized billow layer and proceeds to erode the fossil billow layer. Most of this erosion is associated with weak wind stirring and surface cooling. The shear available for billowing is small and billowing is very weak. In order to simulate the effect of the steady decay in US the profile was reinitialized (i.e. shear available for billowing was reset to zero) three times during the decay period at half-hourly intervals. From approximately 2 110 hours (profile 22) no shear remains and only surface cooling contributes to the deepening. The profiles of Fig. 4 show that cooling is sufficient to completely erode the structure established by The information in the profiles of Fig. 4 was used to construct a time-history contour (Fig. 5) . There is excellent agreement with the data shown in Fig. 3 until the diurnal mixed layer intercepts the parent mixed layer at 1533 hours. The rapid deepening observed in the field is well reproduced. Once the two thermoclines have amalgamated, qualitative agreement remains, but the tilting of the thermal structure in the reservoir obviously caused the isotherms on the temperature-depth plot of Fig. 3 to descend at a sharper angle and to greater depths than the corresponding isotherms in Fig. 5 . Further, the symmetry imposed on the model billow mechanism is not present in the field data. The vertical extent of the mixed region is similar, but the field data show a much weaker smearing of the thermocline than is implied by the linear variation assumed in the model. Once billowing ceases, further deepening is reproduced extremely well (see below), much better than by the single slab model used by Imberger (1985) . Obviously, the deepening due to tilting and the subsequent rebound could not be reproduced by either model.
The effect of advection is also quite noticeable from comparison of Figs. 3 and 5. From 1648 hours to 19 12 hours on 13 March the isotherms are more closely spaced in the field data, and the temperature at 19 12 hours had decreased to 22.6"C in the field but only to 22.79"C in the model. After the rebound at 0000 hours, the field surface temperature was 22.50°C, yet the model had decreased to 22.32"C, a difference of 0.18"C. This is a little more than the 0.14"C estimated ear- I   9  12  15  18  21  24  3  6  9  Hours  13 MARCH 1982 14 MARCH 1982 Fig. 8 . Mixed-layer energetics (Eq. 34). a-Ternporal term, rate of change of mixed-layer TKE; bcombined mixed-layer dissipation and export of mixedlayer TKE to the base of the mixed layer; c-buoyancy production of mixed-layer TKE via atmospheric inputs; d-surface input of TKE by wind stirring.
lier, but well within the error of our estimates of the advective velocity.
In Fig. 6 the predicted mixed-layer depth and temperature are compared with the measured data. The billow height and the computed shear velocity are shown for reference. Mixed-layer depths were determined from field measurements as the point on the profile where evidence of turbulence disappeared and temperature decreased with depth. Although this required some judgment, evidence of turbulence could readily be discerned from small-scale inversions characteristic of overturning events recorded by either the fine-scale or microstructure probes (Imberger 1985) . Correspondence of the predicted and measured depths is excellent and clearly shows that the active broadening of the thermocline during the strong shear period was accurately reproduced. The effect of tilt is not predicted, but the rapid deepening just before the strong tilting is well reproduced, a considerable improvement over the predictions from the single slab model. The sharp decrease in mixed-layer depth at 1900 hours coincides with the velocity cutoff and is a result of reinitialization.
The predicted and observed temperatures of the mixed layer agree to within 0.2"C. If the effects of advection are removed, then the comparisons are even better (Fig. 7) . Four roughly equally spaced times were chosen for comparison of computed and measured temperature profiles. The computed profiles shown in Fig. 7b , c, and d were corrected for the advective influence; a constant value of 0.18"C was added to the whole profile. A large billow event, extending from near the surface to about 1.5 m, was mapped in the field profile (Fig. 7a) . The model predicted the overall depth very well, but indicates a considerable collapse from the billow's full active state. This is consistent with the measurements of Thorpe (1977) in Loch Ness. The collapsed structure is evident in Fig. 7b . The height, once collapsed, is predicted well, but once again the linear billow distribution is a considerable oversimplification of the far from linear variation documented in the field. Subsequent erosion ( Fig. 7c and d ) is predicted extremely well. There is evidence of some weak alteration of temperature structure below the thermocline, but model calculations ignore this. The model does well in predicting structure of the mixed layer.
The energetics of the mixed layer (Eq. 34) are displayed in Fig. 8 . During the more active period around 1648 hours the ternporal term rises to a maximum of about 10% of the surface input (Wan + C,3u*3)/2. The remaining 90% (Fig. 8b) is either dissipated within the mixed layer itself (75%) or exported to its base (15%, Fig. 9a ).
To first order, the energy balance throughout the day at the base of the mixed layer (Eq. 33) was between the net shear production of turbulent kinetic energy and able to spin up entrained fluid (Fig. 9d) or to work against gravity to increase potential energy (Fig. SC) . The effect of the very rapid deepening around 15 36 hours on 13 March is striking. This deepening is also reflected in Fig. 6 by a decrease in mixed-layer velocity and billow height. Following the decay of mixed-layer velocity after 2 110 hours, the balance in the convective regime is between stirring sustained by TKE flux exported from the mixed layer (Fig. 9a) and increase in potential energy.
The comparison between the single-layer model and the present algorithm incorpo-rating the billow mechanism is summarized in Fig. 10 . The energy exported from the mixed layer by stirring processes (TKE convergence, Fig. lob) is roughly the same in both models, but the shear production (Fig.  10~) is quite different. The early rapid rise in shear production and the corresponding rapid deepening are not reproduced in the slab model. Not apparent from Fig. 10 is the fact that the slab model incorrectly preserves a sharp temperature jump across the base of the mixed layer throughout the deepening period, and hence overestimates the amount of energy required to deepen. Although more shear production energy in total appears to be generated in the slab model (none is drained by the billowing process), the timing is incorrect and the amount is not sufficient to overcome the distortion in potential energy flux caused by the step structure in the temperature profile.
Conclusions
A numerical model for the diurnal mixed layer is presented, based on the onc-dimensional integrated forms of the momentum equation, the turbulent kinetic energy equation, and equations for conservation of thermal energy and salt. In carrying out the integrations over depth, care is taken to evaluate all terms in 6, the shear-layer thickness at the base of the mixed layer, assuming linear variations with depth in mean temperature, salinity, density, and horizontal velocity through the shear layer. By identifying 6 with the equilibrium thickness required to satisfy stability in Kelvin-Helmholtz billowing, we can incorporate the energetics and contribution to mixing of billowing. The interaction terms relating to the billow energetics are somewhat complicated and their net effect on deepening of the mixed layer is not obvious from inspection of the equations. A second feature of the model is the incorporation of a closure hypothesis due to Rayner, which allows the user to follow temporal variations in mixedlayer average dissipation rate and turbulent kinetic energy. The model was tested over one complete diurnal cycle using field data from Wellington Reservoir. Both the billow energetics and the term accounting for temporal variations in turbulent kinetic energy appear to have added appreciably to the simulation of the overall dynamics of the mixed layer. In particular, the unsteady growth, erosion, and regrowth of the billow layer, which should be a feature of the shear layer, is reproduced. The net effect on deepening of the mixed layer seems to be to make the model more sensitive to strong shear conditions by reducing the potential energy required for deepening; this potential energy is overestimated in slab models that preserve a sharp step structure at the base of the mixed layer. Successful application of the model adds support to the one-dimensional approach in predicting deepening of the mixed layer within the framework of the Wedderburn number scaling discussed earlier. Even when two-dimensional effects are strong during a mixing episode (W N l), it is possible to superimpose the effects of tilting and advection if these are known. The principal weakness of the present model is its inability to incorporate these two-dimensional effects explicitly, or to predict a priori the correct cutoff time for the momentum calculation under highly unsteady wind conditions. An associated difficulty involves billow-layer decay when the mixed layer decelerates. The model assumes that turbulence decays instantly within the fossil billow layer following a momentum cutoff, and, in the process we have called reinitialization, a new billow layer subsequently forms at the base of the shallower fully mixed layer. The model ignores any mixing processes or advective effects below the mixed layer and as such does not parameterize the effects of energy losses due to internal waves radiating from the thermocline. Within these constraints the model performed successfully, and the predicted vertical profiles of temperature compared extremely well with those measured in Wellington Reservoir.
